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Abstract. - We study in this paper a non-equilibrium Fermi-edge problem where the system 
under investigation is a single electron reservoir putting under an AC electric field. We show that 
the electron Green's function and other correlation functions in the problem can be solved and 
expressed exactly in terms of a well-defined integral. The qualitative behaviors of the solution is 
studied and compared with the situation where the impurity is coupled to more than one reservoir 
at different chemical potentials. 
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The Fermi edge problem in non-equilibrium situation 
is perhaps one of the most simple but non-trivial prob- 
ems in non-equilibrium quantum many-body physics. It 
is the generalization of the Nozieres-De Dominicis X-ray 
£dge problem [1] to non-equilibrium situations where the 
systems may be (i) connected to N > 1 reservoirs at 
different chemical potentials [2], (ii) put under a time- 
dependent electromagnetic field, or (iii) put under other 
non-equilibrium configurations. The problem concerns the 
reaction of a non-equilibrium electron gas to the sudden 
turning on of a scattering potential. A simple realization 
of the problem is a small quantum dot coupled to elec- 
tron reservoirs as shown in Fig. I. The small quantum dot 
can be treated as a two-level system, and by changing the 
gate voltage applied to the quantum dot, the electron oc- 
cupancy of the dot can be changed, resulting in a change 
of the local dot potential felt by electrons in the reser- 
voirs. [3-5]. Indeed, Fermi-edge singularity behavior was 
observed experimentally in a quantum dot system at en- 
ergy range ~ meV [6] . The problem is in principle a one- 
particle problem where the many-body effects enter only 
through Fermi statistics. The problem has been studied 
carefully in those cases where the system is connected to 
reservoirs at different chemical potentials [3,7-9]. It is now 
understood that in this case the problem is equivalent to 
solving an N x N matrix Riemann-Hilbert (RH) bound- 
ary value problem [7, 8] of which a general exact solution 
is unavailable and only the long-time asymptotic behavior 
of the solution can be extracted [2,7,8]. 

In this paper we consider a different situation where 
the system has only one electron reservoir putting under 



an AC electric field generated by, for example a microwave 
radiation. Going to the center of mass (CM) frame it can 
be shown that the electric field can be eliminated [10] and 
the system becomes an "equilibrium" system coupled to a 
time-dependent (periodic) impurity scattering potential. 
The corresponding Fermi-edge problem concerns the re- 
action of this "equilibrium" electron gas to the sudden 
turning on of a time-dependent scattering potential. The 
problem provides a rare example of an non-trivial non- 
equilibrium quantum many-body problem which can be 
solved exactly and is testable. We find that the equation 
of motion for the electron Green's function is a Carlcman 
type integral equation of which the solution can be ex- 
pressed in terms of a well-defined integral. In this paper, 
the qualitative behaviors of the solution are analyzed in 
this paper and compared with the situation where the im- 
purity potential is static but the system is connected to 
reservoirs at different chemical potentials. 

The system we consider is described by the time- 
dependent one-particle Hamiltonian H — Ho(t) + V(t), 
where 



H (t) 



^ 2m 1 



:J2n-E(t) 



(la) 



where the first term represents the kinetic energy of elec- 
trons, E(t) represents the AC electric field, fj is the posi- 
tion of the i th electron and 

V(t) = 0(t f -t)9(t-t t )J2u(n) (lb) 
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describes a scattering potential U (f) located at the origin 
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Fig. 1: (Color online) (a) N reservoirs at different chemical 
potentials coupled to a quantum dot. (b) A single reservoir 
coupled to a quantum dot. The system is put under an AC 
electric field, (c) Dissipation caused by chemical potential dif- 
ferences rounds off the Fermi edge singularities, (d) Side-bands 
will appear for electrons in a single reservoir under an AC field. 



turning on (off) at time t = Uitf). We have neglected spin 
as in usual practice. 

In the absence of V(t) the electric field couples only to 
the CM coordinate R — jfJ2i^ ^ * ne w hole electron fluid 
and can be eliminated by performing a coordinate trans- 
formation to CM frame of the system [10]. After a gauge 
transformation, the Hamiltonian in CM frame becomes 



Before presenting the solution we first revisit the case 
of a static impurity coupled to two reservoirs at different 
chemical potentials fj,i and [ii. In this case the chemi- 
cal potential difference can be gauged away resulting in 
an effective time-dependent impurity scattering ~ 
V e lA>J,t (A/x = /ii — (J.2) that couples the two reservoirs. 
The long-time (tf—t,t—U >> h/Afi) response of the elec- 
tron gas to the suddenly switched on impurity potential 
is determined by two phase shifts associated with the two 
reservoirs. The phase shifts are complex when Afi ^ and 
reflect the existence of dissipation in an out-of-equilibrium 
system. Associated with the two phase shifts are two 
Fermi-edge singularities which are rounded off by finite 
life-time effects associated with the imaginary part of the 
complex phase shifts [2,3,7,8]. For electrons in a single 
reservoir under a time-dependent electric field with pe- 
riod T = 2-7T /u>o, side-bands will appear in the electron 
spectral function at frequencies lu ~ fi + uloq, where n = 
integer. An impurity will cause scattering between differ- 
ent side-bands. Will Fermi edge singularities appear on all 
these side-bands and will the singularities be rounded off 
by finite- life time effect as in the many-reservoir situation? 
We note that both AC and DC transports are usually dis- 
sipative in condensed matter systems. Will there be other 
new effects? These are questions to be asked in the present 
problem. 

At zero temperature, the main challenge of the Fermi- 
edge problem is to evaluate the one-particle time-ordered 
Green's function G(t, t') satisfying the Dyson equation 
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where = r j — R(t), R(t) is the center of mass tra- 
jectory determined by the classical equation of motion 

mR = eE(t). In the transformed coordinate, V(t) be- 
comes 

V OM (t) = 0(t f - t)6(t - U) Uft + R(t)), (2b) 

i 

where the original static impurity becomes a moving impu- 
rity in the center of mass frame with corresponding time- 
dependent scattering potential UcM(r,t) = U(r+ R(t)). 

As in equilibrium situation we shall assume that the 
scattering events can be decomposed into separate scat- 
tering channels, and keep only one channel in our study. 
In this case we may replace the scattering potential by 
UcM(t) ~ UoifyS^), where Uo(t) is a periodic potential 
in time. With this approximation the only difference be- 
tween the equilibrium Fermi edge problem and the present 
problem is the appearance of a time-dependent scattering 
potential U (t). In realistic situations different scattering- 
channels may be mixed by the travelling impurity. The 
qualitative behavior of the Fermi-edge singularity is not 
modified by this mixing [8] as long as the scattering po- 
tentials in different channels have the same periodicity. 



G{t,t') = g(t-t')+i / g(t-t v )U (t")G(t",t')dt", (3a) 



where 



g(t - t') - -ivo P 



t - t> 



+ TTta,n9 S(t - t') 



(3b) 



is the unperturbed Green's function determined by Hq. 
The Green's functions arc defined in the CM coordinate 
in Eq. (3). A similar equation can also be derived at fi- 
nite temperature [9] with g replaced by its finite tempera- 
ture extension. Since the Hamiltonian is quadratic, other 
correlation functions can be computed once G is deter- 
mined. An important correlation function characterizing 
the Fermi-edge singularity is the propagator 

B{t f ,t i )=e c ^' ti) = {ih\S(tf,U)\i>o), 

where S(tf,ti) = Texp(— j- f t f U (t')dt') is the time evo- 
lution operator under the scattering potential Uo(t) and 
|^o) is the ground state wavefunction of the system (in the 
CM frame) before Uo(t) is switched on. C(tf,tj) measures 
the overlap between |^o) and the final state after Uo(t) is 
switched on (orthogonality catastrophe [11]) and is related 
to G by 



A 



dC(t f ,U) 
dX 



(XU {t))G x (t,t)dt 



(4) 
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where G x is the Green's function determined from Eq. (3) 
with Uo(t) — > XUo(t) [1]. The electron Green's function 
measuring the Fcrmi-cdge singularity is [1] 

K{t f ,ti) = G{t -» t f ,t' U)e c( -*f M) . 

To solve Eq. (3) we introduce G(M') = u U (t)G(t,t?). 
After some simple manipulation we obtain 



a(t)G(t, t') = g(t - t') + P J ' G ^ ,t P dt r 



(5) 



where a(t) 



1—ttvq tan BqUq (t) 
v U (t) 



. The equation is a Carleman 



type equation with t' as a dummy variable. The solution 
to this equation can be constructed by analyzing the an- 
alytic behavior of the equation on the complex plane [12] 
(essentially a RH problem) and the relevant solution to 
our problem is 



cos S(t)g(t - t') 

e r(t") g (t" - t')smS(t") 



where 6(t) = tan 1 {Tt/a{t)) and 



tp(t) = Re<f>(t 



—P 
k -it 



t-t r 



6(f) 
t-f 



dt'. 



(6a) 



dt r 



(6b) 



Notice that the complex function $(z) = — ^ f* f jz^dt' 
is an analytical function on the complex plane except the 
segment [U,tf]. Using Eq. (3b) for g and the fact that 
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' — L-e 1 ^ smS(t')dt' = e v ® cos 5{t) 



at time ti < t < tf because the integral is just the 
Kramers-Kronig relation relating the real and imaginary 
parts of the analytic function F(t + ie) = e*( t+4e ), we ob- 
tain after some algebra, 

G(t,t') = (-^o)AoW x [e^We^'^oti'jF^ 
+ (cos5(i) tan 6» - sin5(i)) nS(t - t')] (7) 

for U < t,t' < tf, where A (t) = (1 + 
tan S(t) tan# ) cos S(t). 

First we examine eq. (7) in the equilibrium situation 
Uo(t) = Uo- In this case S(t) — > 6 becomes a constant and 

ip(t) — > (^j—jf^j . It is easy to see that the ND result 
for the electron Green's function [1] is recovered. The 
non-trivial result here is that the phase shift 8(t) becomes 
time-dependent because of the time-dependent potential 
Uo(t). Notice that contrary to the case of a static impurity 
coupled to reservoirs at different chemical potentials where 
the relevant phase shifts are complex, the phase shift S(t) 
here is always real. 



It is straightforward to show that 



where ie r 



linif 



4— >e jzjT is a high-energy cutoff below 
which the approximate expression (3b) for go is valid [1]. 
Putting this back into Eq. (4) and using the identity 
dX/X = d8 / (Aq sin (5) we obtain after some simple alge- 
bra 



C{t h U) 



dt 



5 « dS 



d<p(t) \ 
dt J 



(8) 



In the equilibrium case 6(t) = 5, the first term ~ 
e c J t f dt5(t) in Eq. (8) represents a self-energy correction 
to ground state energy from impurity scattering (Fumi's 
Theorem [13]). The second term introduces logarithmic 
corrections to C(tf,ti) coming from suddenly switching 
on(off) the scattering potentials at i;(i/) (orthogonality 
catastrophe) [1,11]. Eq. (8) represents a generalization of 
this result to time-dependent scattering potentials. We 
shall consider the situation where a(t) is periodic in time 
in the following. In this case, S(t) is also periodic in 
time and we can write 5(t) = Sq + J2 n ^o Sne muJot , where 
6* = 5- n (5{t) is real). 

fit) cannot be evaluated exactly in this case. However 
it is easy to extract the short- and long-time behaviors of 
<p(t). In the short-time limit e^ 1 << t - U,tf - t « T 
the leading contribution is 



ip(t) ~ — In 

TT \t — t 



tf-t 



(9) 



whereas in the opposite limit t — ti,tf — t > > T wc obtain 

(10a) 



<p(t) = -ZnM— -) + ^(t), 

7T t — ti 

where (pn(t) = <p°°(t) + f c {t) is the contribution from 
S n ^o terms in the Fourier representation of 6(t). <p°°(t) = 
'En/o^ s ^(' i ) e ™° i ^ S the contribution in the limit 



-t, ■ = tf — > oo and 



^ — \e inUot tEi{rwjQ{t f -t)) 



inuioU 



Ei(nu>o(U — t) 



(10b) 



is the correction from finite time cutoff U(tf). Ei(x) 



oo y 



■dy is the exponential integral function. It is 



easy to see that f°°(t) is a real and periodic function in 
time. Using the asymptotic results Ei[z) ~ Inz for |z| << 
1 and Ei(z) ~ e z / z for |^| >> 1 we find that ¥> c (i/(j)) ~ 

+ TT=u) $ UU) dt ' S ( t ') in the limit tf -U » T 
where b(t) is a periodic function in time and the second 
term is small compared with the So term in Eq. (10a). 

With these results we can now evaluate the Green's 
function G(t — ► tf,t' — ► U) in the long and short time 
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limits tf — U » T and e c 1 << tf - U << T. In the long 
time limit we obtain 

G(t -> t/,i' -» ti) — ^-A_(t/) (iecftj- - ii)) 2 ^ 

(11) 

where A±(t) = ^4o(O eT<Pfi( ''' ) are periodic functions in time. 
The corresponding Green's function in the short-time limit 
can be obtained by replacing 25q by 5(U)+5(tf) ~ 25((ti + 
t f )/2) and A±(t) by A (t) in Eq. (11). 

It is also straightforward to obtain in the long time limit 
*/ - U»T 

C(t f , U) = i dt— e c £in(M*/-*<))+0(*/)-£(*O 

(12) 

where y>(t) is a real and periodic function of time t to 
leading order in T/(tf — tj) coming from the term. 
The short-time behavior of C(tf,tj) can be obtained by 
replacing S 2 by (6{t f ) 2 + 5{t l ) 2 )/2 ~ + i/)/2) 2 and 
dropping the (p(t) terms in Eq. (12). 

Combining these results we find that the electron 
Green's function K = Ge c can be written as 

K(t f ,U) ~ K°(t f ,ti) (ie c (t f -U))^ +ti)/2) (13) 

in both the long and short time limits where 7(f) ~ 
2S(t)/n - S(t) 2 /n 2 in the short-time limit e^ 1 « tf - 
ti « T and j(t) — > 70 = 2S /tt — Sq/tt 2 in the long-time 
limit t f - U » T. K°(t,t') = A^{t)P-^ F A + {if) where 
A±(t) are periodic (but different) functions in time in the 
long and short time limits. 

With Eq. (13) we can evaluate the Fourier 
transformed Green's function K(lu,lu') = 
JdtJ dt / e l( - UJt - UJ ' t ">K(t,t')6(t - t') in the frequency 
regimes e c » \cu + uj'\ >> 2loq and \u> + uj'\ << 2luq. In 
the low frequency limit \u) + u)'\ << 2loq, we obtain 

K{u,u') ~V%-^ + w )a, ( J° /0 Y , (14) 

n 

where a n are coefficients which depends on the strength 
and polarization of the AC electric field. 

In the high-frequency regime 2e c >> \uj + uj'\ >> 

2 Wo , K(u>,<J) ~ J^dt^-^Aoi^f (^) 7( * m) . 
Evaluating the integral we obtain 

K(u),u>') ~ y^5(uj-uj'+nuo)a n (u+u)') I — — — ] , 
„ \uJ + nuj a /2J 

(15) 

where 7^ ~ (7(i m )} is the critical exponent in the corre- 
sponding equilibrium Fermi-edge problem. a n (uj + uj') are 
constants up to logarithmic correction factors. The Fermi- 
edge singularity in the high-frequency regime \w + u>'\ >> 
2ujq is insensitive to the AC electric field. Notice that 
OLn 7^ « n and 70 7^ "f s in general. 



Equations (14) and (15) predict that the Fermi-edge 
spectrum ReK(u, uj 1 ) = J2 n ^(^ — w ' + nu!o)S n (oj) devel- 
ops side bands as a result of the time-periodic potential. 
The spectral functions S n (u>) develop power-law singular- 
ities at w — > —nujo/2 characterized by an n-independent 
Fermi-edge exponent 70 for to + hujq/2 << luq. The Fermi 
edge singularities are not round-off by finite-life time ef- 
fects as in the case of systems with reservoirs at differ- 
ent chemical potentials. This is non-trivial since dissi- 
pation usually exists in both DC and AC transports in 
many-reservoir problems [2,14]. In fact, it was shown in 
Ref. [14] that dissipation exists in a system of quantum dot 
coupled to external reservoirs when the system is driven 
by a frequency f « W, where W is the bandwidth of 
the quantum dot (quantum pump problem). The finite 
quantum dot bandwidth provides a natural mechanism 
for dissipation. Our system which consists of only one 
single impurity corresponds roughly to the opposite limit 
/ >> W — > of Ref. [14] where a natural mechanism 
for dissipation does not exist. The Fermi-edge singularity 
at the high-frequency regime e c >> uj » luq is found 
to be characterized by an envelope function covering all 
side-bands with an exponent 7 S which is insensitive to AC 
field and is different from the low frequency exponent 70 
(see figure 2). These predicted features can be tested in 
mesoscopic systems under AC electric fields. 
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Fig. 2: Spectral function in presence of AC field. 

Summarizing, we analyze in this paper a non- 
equilibrium Fermi-edge problem where the system un- 
der consideration is driven out-of-cquilibrium by a time- 
dependent (AC) electric field. We show that the system 
can be mapped into an equilibrium system with a trav- 
elling impurity, or an impurity with a time-dependent 
scattering potential. We find that the problem can be 
solved exactly and the corresponding Fermi-edge singu- 
larity behavior is very different from the case of a static 
impurity coupled to many reservoirs at different chemical 
potentials. Our solution provides a rare example of non- 
equilibrium quantum many-body problem which can be 



TT\-A 



solved exactly. 
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